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Summary. Confidence interval estimators have not 
been described for several heritability (H) estimators 
relevant to recurrent family selection. Previously de- 
scribed H interval estimators do not apply to one- 
factor mating designs in split-plot in time experiment 
designs in one or more locations, one-factor mating 
designs for several experiment designs in two or more 
locations and years, and two-factor mating designs for 
several experiment designs in two or more locations or 
years. Our objective was to derive H interval estima- 
tors for these cases. H reduced to a function of con- 
stants and a single expected mean square ratio in every 
case; H = l - E ( M ' ) / E ( M " )  where E(M')  is a linear 
function of expected mean squares and E(M") is 
a single expected mean square. It was shown that 
F ' = [ M " / E ( M " ) ] / [ M ' / E ( M ' ) ]  has an approximate 
F-distribution with dr" and dr'  degrees of freedom, 
respectively, where M' and M" are mean squares corre- 
sponding to E(M') and E(M"), respectively. H is a 
function of F', therefore, we used F '  to define an 
approximate (1 - c~) interval estimator for H. 

Key words: Random linear models - Recurrent selec- 
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Introduction 

Confidence interval estimators for heritability (H) esti- 
mators relevant to family selection have been derived 
for several one- and two-factor mating and experiment 
designs (Knapp etal. 1985; Knapp 1986). H interval 
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estimators for the one-factor mating design do not 
apply to split-plot in time experiment designs in one or 
more locations or other experiment designs in locations 
and years (Knapp et al. 1985). H interval estimators for 
two-factor mating designs do not apply to experiment 
designs in more than one location or year (Knapp 
1986). The objective of this research was to derive H 
interval estimators for these cases. 

General results 

Heritability for the mating and experiment designs we 
considered reduced to functions of constants and ex- 
pected mean square ratios if data were balanced. The 
general form of H is 

H = 1 - E ( M ' ) / E ( M " ) ,  (1) 

where E(M") is a single expected mean square and 
E (M') is a linear function of expected mean squares 
that does not involve E(M"). E(M')  is defined as 
follows: 

E (M') = 27 ki E (M0,  

where the k i a r e  known constants and E ( M i )  a r e  

expected mean squares for i = 1, 2 . . . . .  n. Probability 
distribution results used to derive H interval estimators 
are given below. 

Let dfi, mi and E (Mi) denote degrees of freedom, 
mean squares, and expected mean squares, respective- 
ly, for the effects in the balanced random linear models 
used to describe the mating and experiment designs we 
examined. M' and M" denote functions of Mi and are 
estimates of E (M') and E (M"), respectively. 

If model effects are normally distributed then the 
random variable Ui = dfiMi/E(Mi) has a chi-square 
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(X 2) distribution with dfi degrees of  f reedom (Graybill  
1976). M" involves only one Mi, therefore, the random 
variable U 2 ' ' =  d f "  M " / E ( M " )  has a ;(2-distribution 
with df" degrees of  freedom. The distribution of  the 
random variable U 2 ' =  d f ' M ' / E ( M ' )  is not clear be- 
cause M' is a linear function of  Mi's (Graybill  1976). 

Approximate degrees of  f reedom for M'  are obtained 
from 

df '  = (M') 2 [X (k i Mi)2/dfi] - l ,  

where dfi are degrees of  freedom for M i (Satterthwaite 
1946). U 2' has an approximate  ;(2-distribution for cer- 
tain conditions (Welch 1956; Gaylor  and Hopper  1969). 
If  all ki in M' and E(M' )  are positive then U 2' is 
approximately distributed ;(2. If  some ki are negative 
then U 2' may not be distributed ;(2 (Gaylor  and 
Hopper  1969). The results of  Gaylor  and Hopper  
(1974) relevant to the distribution of U 2' with negative 
ki are discussed below. 

The ;(2 distribution may be a poor  approximat ion 
of  the distribution of U 2' because M'  may be negative. 
Gaylor  and Hopper  (1969) defined groups of  mean 
squares with positive and negative ki such that 

M' = M j , -  M ~ ,  

where Mi, and M~ are the sums of Mi with positive 
and negative ki, respectively. Degrees of  f reedom for 
M~, and M~ are df~, and df~, respectively, and are esti- 
mated from Satterthwaite's approximat ion (1946). The 
probabil i ty of  a negative M' is 

P[M'  < 0 ]  = P[M~,/M~ < 1] 

= P[F~: dry, af~ < E (M~) /E  (M~)], 

where E (Mj,) and E (M~) are the expected values for 
Mj, and M~, respectively, and F~: df~, dr~ is a value from 
the F-distribution with dff, numerator  and df{4 denomi- 

nator degrees of  f reedom (Searle 1971). It is, of  course, 
desirable for P (M' < 0) to be extremely small. 

Gaylor and Hopper  (1969) indicated that U 2 ' =  
d f ' M ' / E ( M ' )  is approximately distributed Z 2 if 
P (M' < 0) is small. We expect U 2' to be approximately 
distributed ;(2 for the mating and experiment designs 
studied because M' is a sum of  several variances, there- 
fore, P ( M ' <  0) is, on the average, very small. The 
expected value for M' in (4), for example, is 

E (M') = E (Mbf) + E (Mry) - E (Me) 

= o'e2+ yo'~f + b O'~y, 

where terms are defined in Table 1. E (M') is a sum of 
at least three variances for the Table 2, 3, and 4 exam- 
ples also. 

If  the random variables U i = d f i M i / E ( M i )  and 
Uj = dfj M / E  (Mj) are independent and have ;(2 distri- 
butions then the random variable 

F = (Ui/dfi) / (Uj/dfj)  = [Mi/E (Mi)]/[Mj/E (Mj)] 

has an F-distribution with dfi and dfj degrees of  free- 
dom (Graybill 1976). The random variables U 2'' and 
U 2', described above, are independent and have ;(2 and 
approximate ;(2 distributions, respectively; therefore, 
the random variable 

F" -= ( U 2 " / d f " ) / ( U Z ' / d f  ') = [ M " / E  ( M ' ) ] / [ M ' / E  (M')] 

has an approximate  F-distribution with d f "  and df '  
degrees of  freedom (Searle 1971). 

Given that F' has an approximate  F-distribution 
then we obtain the following probabil i ty statement: 

P { Fj_~/2: df". df' "< [M"/E  (M") ] / [M' /E  (M')] 

< F~/2:df,, dr, } ~ 1 - ~ ,  (2) 

where Fl-~,/e: dr", dr" and F~,/2:dr',dr' denote ( 1 - e / 2 ) t h  
and (c~/2)th quantiles of  an F-distribution, respectively, 

Table 1. Analysis of variance for a balanced completely random linear model for family evaluation 
in a perennial crop with measurements repeated over years. The experiment design is a split-plot in 
time with complete blocks (whole plots) arranged in a randomized complete blocks experiment 
design 

Source of Degrees of Mean Expected mean square b 
variation freedom a square 

Blocks (B) b - 1 
Years (Y) y - 1 
YxB ( y -  1) ( b -  1) 
Families (F) dff = f -  1 Mf 
B x F dfbf  = (b - 1) ( f -  1) Mbr 
F x Y dfry = ( f -  1) (y - 1) Mry 
F x Y x B  dfe = ( f -  1) ( y -  1) ( b -  1) Me 

a 2 + ya~f + baby -t- ybcr~ 
2 a e + y o ' 2 f  

o'2e + b~rr2y 

a f is the number of families, b is the number of complete blocks, and y is the number of incomplete 
blocks or years 
b a2 is the family, a~y is the family x year, a~f is the block x family, and ~r 2 is the residual variance 



Table 2. Analysis of variance for a balanced completely random linear model for family evaluation 
in different locations in a perennial crop with measurements repeated over years. The experiment 
design is a split-plot in time with complete blocks (whole plots) arranged in a randomized complete 
blocks experiment design 
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Source of Degrees of freedom a Mean Expected mean square b 
variation square 

Years (Y) y - 1 
Locations (S) s - 1 
Blocks:S (B:S) s(b - 1) 
Y x S  ( y -  1) ( s -  1) 
Yx B:S ( y -  1) ( b -  1)s 
F x B : S  ( f -  1) ( b -  1)s 
Families (F) dff = ( f -  1) Mr 

F x S dfrs = ( f -  1) (s - 1) Mrs 
F x Y dffy = ( f -  1) (y - 1) Mfy 

F x Y x S  dffsy = ( f -  1) ( y -  1) ( s -  1) Mfy s 
Y x F x B : S  ( y -  1) ( f -  1) ( b -  1)s 

2 2 2 2 ae + yO'fb:s+ rfams+ byafs 
+ bsa2y + bsya~ 

2 2 2 2 
a e + yafb:s + bafys + byafs 

2 2 2 o" e + bo'fy s + bsafy 
2 2 a e + bafys 

a f is the number of families, s is the number of locations, and y is the number of incomplete blocks 
or years 
b b is the number of complete blocks, a2f is the family, a2s is the family x location, O'2y is the 

: is the incom- family x year ,  O'2sy is the family x year x location, a2b:s is the family x blocks, and ae 
plete blocks residual variance 

Table 3. Analysis of variance for a balanced completely random linear model for the nested mating and replications-in-incomplete 
blocks experiment design in more than one location 

Source of variation Degrees of freedom a Mean Expected mean squares b 
squares 

Incomplete blocks (B) b - 1 
Locations (L) s - I 
L x B  ( b -  1) ( s -  1) 
Replications: L: B s b (r - 1) 
Males:B (M:B) dfm = b(m - l) 
Females :M:B(F:M:B)  dff = b i n ( f - l )  
M: B x L dfms = (s - 1) b (m - 1) 
F: M:B x L dffs --- (s - l) b i n ( f -  1) 
Residual sb(r  - 1) ( m f -  1) 

M m ae 2+ ra2s+ r s a ~ +  rfOm2s+ r f s a  2 
Mf ae2+ ra~s+ rsa~ 

2 r o L + r f  ~ms Mrns ae + 
2 rO.2s Mfs ae + 

a b is the number of incomplete blocks, m is the number of male and f the number of female parents used to produce nested 
mating design progenies for one incomplete block, and s is the number of locations 
b r is the number of replications, a 2 is the male parent, a 2 is the female parent nested in male parent, a2ms is the male parent 
• lcoation interaction, a~s is the female parent nested in male parent x location interaction, and a~ is the residual variance 

with d f "  n u m e r a t o r  and  df '  d e n o m i n a t o r  degrees of  
freedom. An equa t i on  a lgebraical ly  equ iva len t  to (2) is 

P {1 - F~/2: dr,,, df, M ' / M "  < 1 - E ( M ' ) / E  (M") 

<-- 1 - F l_o~ /2 :d f , ,  df,  M ' / M "  } ~= 1 - -  C(. 

An approx imate  ( l - a )  interval  es t imator  for H =  
1 - E ( M ' ) / E  ( M " ) i s  

1 - F , / 2 :  a". a '  M ' / M " ,  1 - -  F 1_~/2: dr'. df' M ' / M " .  (3)  

In the r ema in ing  sections of  this paper  we d e m o n -  
strate that var ious H have the form in (1) and  that  
approx imate  1 - ~  interval  est imators  for these are 
ob ta ined  by subs t i tu t ion  in (3). 

O n e - f a c t o r  m a t i n g  d e s i g n  

Spli t-plot  in t ime  expe r imen t  designs are used for half- 
sib fami ly  eva lua t ion  in  perennia l  crops with measure -  
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Table 4. Analysis of variance for a balanced completely random linear model for the factorial mating and replications-in-incom- 
plete blocks experiment design in more than one year 

Source of variance Degrees of freedom a Mean Expected mean squares b 
square 

Incomplete blocks (B) 
Years (Y) 
YxB 
Replications: Y: B 
Males: B (M: B) and 

Females: B (F: B) Pooled 
M:B 
F:B 

(MxF) :B  
M : B x Y a n d  
F: B x Y Pooled 

M : B x Y  
F : B •  

( M x F ) : B x Y  
Residual 

b - 1  
y - I  
( b -  1 ) ( y -  1) 
yb(r  - 1) 

dfc = b ( m + f - 2 )  Me 
dfrn = b(m - 1) Mm 
d f f =  b ( f -  1) Mf 

dfmf= b ( m -  1) ( f -  1) Mmf 

dfcy = b ( m -  1) ( y -  1) + b ( f -  1) ( y -  1) Mcy 
dfrny = b(m - 1) (y - 1) Mmy 

dffy = b ( f -  1) (y - 1) Mfy 

dfmfy = b(m - I) ( f -  1) (y - 1) Mmfy 
y b ( r -  1) ( m f -  1) 

2 2 2 2 2 tre 4- rtrmf, + rCtrpy -I- r y a m f +  r y c a c  
2 ~ 2 2 2 

a e -t- rarefy -b r f a  m, + ry a rn f  + r y f a m  
2 2 ~ 2 2 

a e + ramfy + r m a f y - b  r y a r n f + r y m o ' f  
2 2 2 

ae + rarefy + ry a rn f  

2 2 2 
a e + ramf~ + rCtrcy 

2 z 2 
tre h- rarefy -I- f l a  W 

2 2 tr e + r O'mfy + r m o f y  
2 2 

o- e q- r O'mfy 

a b is the number of incomplete blocks, m is the number of male and f the number of female parents used to procedure factorial 
mating design progenies for one incomplete block, y is the number of years, and c = (m + t)/2 
b 2 2 2 2 2 2 O" m is the male and ar the female parent, ac = (am + t r f ) /2  is the male and female parent pooled, ffm~ is the male x female parent 
i n t e r a c t i o n  O'2y is the male parentx year a n d  O'2y the female parent x year interaction, a2y = (a~, v + a~y)/2 is the male and female 
parent x year pooled interaction, amfy is the male parent x female parent x year interaction, and a~is the residual variance 

ments repeated over years (Table 1). Her i tabi l i ty  on a 
half-sib family mean basis for the Table 1 analysis is 

H =  2 2 2 2 a 2 f / b + c r 2 / y b )  a f / a f f  = a f /  (a  f + a 2 y / y  + 

= {[E (Mf) - E (Mbf) - E (Mfy) + E (Me)] /yb} / [Mr/y  b] 

= 1 - [E  (Mbf )  -b E ( m f y )  - E ( M e ) I / E  ( M r )  ; (4)  

terms are defined in Table 1. If  we define E ( M ' ) =  

[(E (Mbr) + E (Mry) - E (Me)] and E (M") = E (Mr) then 
H in (4) has the general form in (1) that  we described.  
The approximate  1 - ~  H interval est imator  obta ined 
by substitution of  Mbf + Mfy - Mbry for M'  and Mf for 
M"  in (3) is 

1 - F~/2: df"df' ( M b f  q- M f y -  M b f y ) / M f ,  

1 - FI-~/2:  df"dff ( M b f  q- M f y -  M b f y ) / M  f . 

The analysis of  variance shown in Table 2 follows 
that of  Table 1 except that the experiment  was con- 
ducted over locations. Fo r  this exper iment  H is 

H =  2 2 trf/o" 0 = o'2/(o'~ + af2y/y + a~sls + a]ys/yS 

+ ab2/Sy + a 2 / b s y )  

= 1 - [E (Mfs) + E (Mfy) - E (Mfsy)]/E (Mr) .  (5) 

I f  we define E (M') = E (Mrs) + E (Mfy) - E (Mfys) and 
E(M")  = E(Mf) then H in (5) is equivalent  to (1). An 
approximate  1 - ~ interval est imator  for (5) is obta ined 
by substitution of  M r s  + M f y  + M f y  s for M'  and M f  for 
M" in (3). 

H for several other experiment  designs, e.g., random- 
ized complete blocks and repl icat ions-in- incomplete  
blocks, in locations and years are similar  to (5). 
Nguyen and Sleper (1983) give tall fescue half-sib 
family data for a randomized complete  blocks expe r i -  
ment  design in locations and years. We obtained an 
interval estimate for her i tabi l i ty  on a half-sib family 
mean basis from their  reproduct ive herbage yield data 
to illustrate the method.  Mean squares were recon- 
structed from variance data. We obta ined M ' =  59,475 
and M ' = 1 1 6 , 1 7 9 .  This gave H = 1 - 0 . 5 1 2 = 0 . 4 8 8  
which differs from their  est imate (0.47) because of  
rounding error. There were 14 degrees of  f reedom for 
every mean square. Approx imate  degrees of  freedom 
for M' were df' = 21.021 ~- 21. Pert inent  F-values were 
obtained by using interpolat ion equations part ly given 
in Laubscher  (1965) and detai led in Knapp (1986). The 
lower l imit  for a 1 - a  ~ 0.95 interval estimate for H 
w a s  

1 - F0.025:14.21M'/M" = 1 - 2.561 (0.512) = - 0.311 

and the upper  l imit  was 

1 - F0.975:14.21M'/M" = 1 - 0.354(0.512) = 0.819. 

Two-factor mating designs 

Knapp (1986) described interval est imators for heri- 
tabil i ty on a half-sib family mean basis for the nested 



and factorial mating designs in one environment. We 
examined these estimators for experiments in more 
than one environment. 

The analysis of  variance for the nested mating 
design is given in Table 3. Heritability on a half-sib 
family mean basis is 

H = {[E (Mm) - E(Mf) - E (Mms) + E (Mfs)]/r fs}/ 

(Mm/rfs) 

= I - [E (Mr) + E (Mms) - E (Mf0I /E (Mm). (6) 

I f  we define E (M') = E (Mr) + E (Mms) - E (Mrs) and 
E (M") = E (Mm) then H in (6) has the general form in 
(1). Substitution of  M r +  M m s -  Mrs for M' and Mm for 
M" in (3) gives an interval estimator for this example. 

The analysis of  variance for the factorial mating 
design is given in Table 4. Heritability on a half-sib 
family mean basis is 

H = {[E (Me) - E (Mmf) -- E (Mcy) + E (Mmfy)]/ryc}/ 
[E (Mc)/ryc]  

= 1 - [E (Mraf) + E (Mcy) - E (Mmfy)]/E (M~). (7) 

If  we define E (M') = E(Mmf) + E(Mcy ) - E (Mmfy) 
and E (M") = E (Me) then H in (7) has the general form 
in (1). Substitution of  Mmf+ Mcy-Mmfy for M' and 
M~ for M" in (3) gives interval estimators for this 
example. 

763 

The results for the two-factor mating designs in 
replications-in-incomplete blocks experiment designs 
also apply to other experiment designs, e.g., completely 
randomized and randomized complete blocks experi- 
ment designs. 
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