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Summary. Confidence interval estimators have not
been described for several heritability (H) estimators
relevant to recurrent family selection. Previously de-
scribed H interval estimators do not apply to one-
factor mating designs in split-plot in time experiment
designs in one or more locations, one-factor mating
designs for several experiment designs in two or more
locations and years, and two-factor mating designs for
several experiment designs in two or more locations or
years. Our objective was to derive H interval estima-
tors for these cases. H reduced to a function of con-
stants and a single expected mean square ratio in every
case; H=1—-E(M’)/E(M”) where E(M’) is a linear
function of expected mean squares and E(M”) is
a single expected mean square. It was shown that
F' =[M'"/EM")/[M/E(M’)] has an approximate
F-distribution with df” and df’ degrees of freedom,
respectively, where M” and M are mean squares corre-
sponding to E(M") and E(M”), respectively. H is a
function of F’, therefore, we used F’ to define an
approximate (1 — ) interval estimator for H.

Key words: Random linear models — Recurrent selec-
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Introduction

Confidence interval estimators for heritability (H) esti-
mators relevant to family selection have been derived
for several one- and two-factor mating and experiment
designs (Knapp et al. 1985; Knapp 1986). H interval
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estimators for the one-factor mating design do not
apply to split-plot in time experiment designs in one or
more locations or other experiment designs in locations
and years (Knapp et al. 1985). H interval estimators for
two-factor mating designs do not apply to experiment
designs in more than one location or year (Knapp
1986). The objective of this research was to derive H
interval estimators for these cases.

General results

Heritability for the mating and experiment designs we
considered reduced to functions of constants and ex-
pected mean square ratios if data were balanced. The
general form of H is

H=1-EM)/E(M"), (1)

where E(M”) is a single expected mean square and
E(M’) is a linear function of expected mean squares
that does not involve E(M”). E(M’) is defined as
follows:

EM)=2kKEM),

where the k; are known constants and E(M;) are
expected mean squares for i=1,2,...,n. Probability
distribution results used to derive H interval estimators
are given below.

Let df;, M; and E(M;) denote degrees of freedom,
mean squares, and expected mean squares, respective-
ly, for the effects in the balanced random linear models
used to describe the mating and éxperiment designs we
examined. M’ and M” denote functions of M, and are
estimates of E (M) and E (M”), respectively.

If model effects are normally distributed then the
random variable U;= dfiM;/E(M;) has a chi-square
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(¢ distribution with df; degrees of freedom (Graybill
1976). M” involves only one M;, therefore, the random
variable U?” = df” M”/E(M”) has a y2-distribution
with df” degrees of freedom. The distribution of the
random variable U% = df' M’/E(M’) is not clear be-
cause M’ is a linear function of M;’s (Graybill 1976).

Approximate degrees of freedom for M’ are obtained
from

df’ = (M) [Z (k; M) ¥/dfy) ™!,

where df; are degrees of freedom for M; (Satterthwaite
1946). U?’ has an approximate y2-distribution for cer-
tain conditions (Welch 1956; Gaylor and Hopper 1969).
If all k; in M’ and E(M’) are positive then U? is
approximately distributed x> If some k; are negative
then U% may not be distributed x? (Gaylor and
Hopper 1969). The results of Gaylor and Hopper
(1974) relevant to the distribution of U% with negative
k; are discussed below.

The y? distribution may be a poor approximation
of the distribution of U% because M’ may be negative.
Gaylor and Hopper (1969) defined groups of mean
squares with positive and negative k; such that

M’ = Mj - My,

where Mp and My are the sums of M; with positive
and negative k;, respectively. Degrees of freedom for

p and My are dfp and dff, respectively, and are esti-
mated from Satterthwaite’s approximation (1946). The
probability of a negative M’ is

PM <0]=P[Mp/Miy < 1]
= P[Fy a, a5 < E(MN)/E(Mp)],
where E (M%) and E(MYy) are the expected values for

Mp and My, respectively, and F,. 4 45 is @ value from
the F-distribution with dfy numerator and dfy, denomi-

nator degrees of freedom (Searle 1971). It is, of course,
desirable for P(M’ < 0) to be extremely small.

Gaylor and Hopper (1969) indicated that U% =
df' M'/E(M’) is approximately distributed x? if
P (M’ < 0) is small. We expect U% to be approximately
distributed y? for the mating and experiment designs
studied because M’ is a sum of several variances, there-
fore, P(M' < 0) is, on the average, very small. The
expected vaiue for M’ in (4), for example, is

EM’) = E(My) + E(Myy) — E(Me)
=gl+yol+ bafy ,

where terms are defined in Table 1. E(M’) is a sum of
at least three variances for the Table 2, 3, and 4 exam-
ples also.

If the random variables U;=df; M;/E(M;) and
U= df;M;/E(M;) are independent and have y? distri-
butions then the random variable

F = (Uy/df;)/(Uy/df}) = [Mi/E (Mp)}/[M;/E (M,)]

has an F-distribution with df; and df; degrees of free-
dom (Graybill 1976). The random variables U’ and
U?%, described above, are independent and have y? and
approximate x? distributions, respectively; therefore,
the random variable

F’ = (U¥/df"y/(U¥/df") = [M"/E (M")})/[M’/E (M")]
has an approximate F-distribution with df” and df’
degrees of freedom (Searle 1971).

Given that F' has an approximate F-distribution
then we obtain the following probability statement:

P{F _g2ap7,ar < [M"/EM")[/[M'/E(M)]
<Fypaprar) =1—a, 2

where Fl—a/Z: df”, df’ and Fa/2: df”, df’ denote (1 - ot/2)th
and (o/2)th quantiles of an F-distribution, respectively,

Table 1. Analysis of variance for a balanced completely random linear model for family evaluation
in a perennial crop with measurements repeated over years. The experiment design is a split-plot in
time with complete blocks (whole plots) arranged in a randomized complete blocks experiment

design

Source of Degrees of Mean Expected mean square®
variation freedom® square

Blocks (B) b-1

Years (Y) y—1

YxB (y-1)®-1)

Families (F) dfy=f—1 M; 02+ yoir+baof, + ybat
BxF dfyr=(b-1(f-1) My¢ o+ yois

FxY dfy, = (-1 (y-1) M, al+bof,

FxYxB df, =(f-1)(y-1)®b-1 M, o

¢ f is the number of families, b is the number of complete blocks, and y is the number of incomplete

blocks or years

b 42 is the family, agy is the family x year, 0% is the block x family, and &2 is the residual variance
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Table 2. Analysis of variance for a balanced completely random linear model for family evaluation
in different locations in a perennial crop with measurements repeated over years. The experiment
design is a split-plot in time with complete blocks (whole plots) arranged in a randomized complete
blocks experiment design

Source of Degrees of freedom? Mean Expected mean square ®

variation square

Years (Y) y—1

Locations (S) s—1

Blocks: S (B:S) s(b-1)

YxS y—=-D¢-1

Y xB:S y—-D(®b-Ds

FxB:S -1 (bd-1)s

Families (F) dfy =(f~-1) M; o2+ yoby. + rfod+ byod
+ bsa?y +bsya?

Fx$S dfy, =(f-D(s—1) M, ae+yaﬂ,s+ba“+bya%S

FxY dfy, =(f-1) (y—1) Mg, ae+bafys+bsafy

FxYxS dffsy=(f-D(y—-1)(s—1) Mgy, G'e+b(7fys

Y xFxB:S yy-D{E-Dd-1)s

2 f is the number of families, s is the number of locations, and y is the number of incomplete blocks
or years

b b is the number of complete blocks, o7 is the famlly, ok is the famllyxlocatlon afy is the
family x year, afsy is the family x year x location, o, is the family x blocks, and o2 is the incom-
plete blocks residual variance

Table 3. Analysis of variance for a balanced completely random linear model for the nested mating and replications-in-incomplete
blocks experiment design in more than one location

Source of variation Degrees of freedom? Mean Expected mean squares®
squares

Incomplete blocks (B) b—1

Locations (L) s—1

LxB b-1)(¢—1)

Replications:L:B sb(r—1)

Males:B (M:B) df, =b(m-1) M, o2+ rof +rsoi+rfol +rfse

Females: M:B (F:M:B) dfy =bm(f-1) M; o+ rok +rsot

M:BxL dfps=(6—-1)bm—1) M, o+ rok +rfol,

F:M:BxL dfy, =(s—1)bm(f-1) M, ol+rod

Residual sb(r—1) (mf—1)

2 b is the number of incomplete blocks, m is the number of male and f the number of female parents used to produce nested
matmg design progenies for one 1ncomplete block, and s is the number of locations

b r is the number of replications, o2 is the male parent, ¢% is the female parent nested in male parent, g2, is the male parent
x Icoation interaction, o is the female parent nested in male parent x location interaction, and ¢ is the residual variance

with df” numerator and df’ denominator degrees of In the remaining sections of this paper we demon-
freedom. An equation algebraically equivalent to (2) is strate that various H have the form in (1) and that

approximate 1 —a interval estimators for these are
P{l = Fyp.ap,ap M'/M” < 1 - E(M')/E(M") obtained by substitution in (3).

< 1= Figpgrae M/M"} = 1—a.

An approximate (1—o) interval estimator for H=  One-factor mating design
1-E(M)/E(M")is . . . .

Split-plot in time experiment designs are used for half-
L= Fopger ap M/M” 1= Fi_gpa g ap MI/M” 3) sib family evaluation in perennial crops with measure-
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Table 4. Analysis of variance for a balanced completely random linear model for the factorial mating and replications-in-incom-

plete blocks experiment design in more than one year

Source of variance Degrees of freedom? Mean Expected mean squares®
square
Incomplete blocks (B) b-1
Years (Y) y—1
YxB b-Dy-1
Replications: Y: B yb(r—1)
Males: B (M:B) and
Females: B (F:B) Pooled df, =b(m+f-2) M, 0L+ 10hr +TCOR, + TYORet+ TyCOL
M:B df, =b(m-—-1) Mp ol + ramfy+rfa,2n +ryo’ e+ ryfod,
F:B dfy =b(@f-1) M 02+ 10k + Mol + ryohetrymat
(MxF):B dfpe=b(m—1)(f-1) Mupr 0L+ T0hty + YOS
M:B xY and
F:BxY Pooled dfyy =bm -1 (y—1)+b{f-1)(y—-1) My OL+ IOhey +ICOY
M:BxY df,y=bm—1)(y—1) Muy o2+ tapey +rfod
F:BxY dfy, =b(f—1) (y—-1) My, 0L+ 10k + MmOty
(MxF):BxY dfme,=b(m—1) (f—1) (y=1) Mgy ol+rokgy
Residual yb(r—1) (mf—1)

2 b is the number of incomplete blocks, m is the number of male and f the number of female parents used to procedure factorial
mating design progenies for one incomplete block, y is the number of years, and ¢ = (m + £)/2

b

o2 is the male and o7 the female parent, o2 = (62, + 62)/2 is the male and female parent pooled, 62 is the male x female parent

interaction a,zny is the male parent x year and a%y the female parent x year interaction, agy = (62, + oty)/2 is the male and female
parent x year pooled interaction, ak ty is the male parent x female parent x year interaction, and o is the residual variance

ments repeated over years (Table 1). Heritability on a
half-sib family mean basis for the Table 1 analysis is

H= a%/af;= o} (ot + a%y/y + oie/b+ ai/yb)
= {[E(My) — E(Myr) — E(Mpy) + E(M))/yb}/[M¢/yb]
=1—[E(Myg) + E(Mgy) = E(M)I/E(Mp) ; 4)
terms are defined in Table 1. If we define E(M') =
[(E (Mypp) + E(M¢,) — E(M,)] and E(M"”) = E (My) then
H in (4) has the general form in (1) that we described.
The approximate 1 —a H interval estimator obtained
by substitution of My¢ + Mg, — My, for M” and Mg for
M”in (3) is
1 — Fop. g ap (Mups + Mgy — My )/ My,
1= Fi_a2: dt7 a (Mps + Mgy — Mpgy) /Mg
The analysis of variance shown in Tabie 2 follows
that of Table 1 except that the experiment was con-
ducted over locations. For this experiment H is
H = o{/0}=o1/(c}+ af,/y + ok/s + alys/ys
+ oi/sy + a%/bsy)
=1-[EMg) + E(Myy) — E(Mg )VE(My) . &)
If we define E(M’) = E (Mg,) + E (Myy) — E(Mgys) and
E(M”)=E(My then H in (5) is equivalent to (1). An
approximate 1 — o interval estimator for (5) is obtained

by substitution of Mg + My, + My, for M” and Mg for
M" in (3).

H for several other experiment designs, ¢.g., random-
ized complete blocks and replications-in-incomplete
blocks, in locations and years are similar to (5).
Nguyen and Sleper (1983) give tall fescue half-sib
family data for a randomized complete blocks experi-
ment design in locations and years. We obtained an
interval estimate for heritability on a half-sib family
mean basis from their reproductive herbage yield data
to illustrate the method. Mean squares were recon-
structed from variance data. We obtained M’ = 59,475
and M”=116,179. This gave H=1-0.512=0.488
which differs from their estimate (0.47) because of
rounding error. There were 14 degrees of freedom for
every mean square. Approximate degrees of freedom
for M’ were df =21.021 = 21. Pertinent F-values were
obtained by using interpolation equations partly given
in Laubscher (1965) and detailed in Knapp (1986). The
lower limit for a 1 — o 2 0.95 interval estimate for H
was

1 — Fooos: 14,1 M//M” =1 —2.561(0.512) = - 0.311
and the upper limit was

1= Fogrs.14. 2 M'/M” = 1-0.354(0.512) = 0.819 .

Two-factor mating designs

Knapp (1986) described interval estimators for heri-
tability on a half-sib family mean basis for the nested



and factorial mating designs in one environment. We
examined these estimators for experiments in more
than one environment.

The analysis of variance for the nested mating
design is given in Table 3. Heritability on a half-sib
family mean basis is

H={[E(Mp) — E(My) — E(Mp,) + E(Mg)}/rfs}/
(M, /rfs)
=1-[EMp +EMps) —EMp)l/E(Mp,) . (J]

If we define E(M’) = E My + E(Mp,)} — E(Ms,) and
E(M"”) = E(M,,) then H in (6) has the general form in
(1). Substitution of M;+ My, — Mg, for M’ and M,,, for
M" in (3) gives an interval estimator for this example.

The analysis of variance for the factorial mating
design is given in Table 4. Heritability on a half-sib
family mean basis is

H={[E(M.) — E(Mm¢) — E(Mcy) + E(Mugy)l/ryc}/
[E(M.)/ryc]
=1-[E(Mung + EMey) ~EMue) VEMo) . (7)

If we define E(M')=E(Mp) +E (M) — E(Mpngy)
and E(M”) = E (M,) then H in (7) has the general form
in (1). Substitution of Mp,¢+ M, — M ¢, for M’ and
M, for M” in (3) gives interval estimators for this
example.
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The results for the two-factor mating designs in
replications-in-incomplete blocks experiment designs
also apply to other experiment designs, e.g., completely
randomized and randomized complete blocks experi-
ment designs.
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